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Abstract
In this paper, we deform the thermodynamics of a BTZ black hole from rainbow functions
in gravity’s rainbow. The rainbow functions will be motivated from results in loop quantum
gravity and Noncommutative geometry. It will be observed that the thermodynamics gets
deformed due to these rainbow functions, indicating the existence of a remnant. However, the
Gibbs free energy does not get deformed due to these rainbow functions, and so the critical
behaviour from Gibbs does not change by this deformation.This is because the deformation
in the entropy cancel’s out the temperature deformation.
1 Introduction
The Horˇava-Lifshitz gravity is motivated by a deformation of the usual energy-momentum dis-
persion relation in the UV limit [35, 36]. Another UV modification of general relativity also
motivated by a deformation of the usual energy-momentum dispersion relation in the UV limit
is the gravity’s rainbow [41]. It is interesting to note that the deformation of the usual energy-
momentum dispersion in the UV limit occurs in various approaches to quantum gravity such as
discrete spacetime [48], models based on string field theory [38], spacetime foam [10], spin-network
in loop quantum gravity (LQG) [23] and non-commutative geometry [19]. The formalism has
been used to study various geometries motivated from string theory. In fact, the different Lifshitz
scaling of space and time has been used to deform type IIA string theory [28], type IIB string
theory [17], AdS/CFT correspondence [29, 45, 7, 21], dilaton black branes [27, 15],cylindrical so-
lutions [44] and dilaton black holes [52, 49] and . Gravity’s rainbow is a more general theory that
is motivated by deformation of the energy-momentum dispersion relation, similar to what mo-
tivates Horˇava-Lifshitz gravity. Hence both approaches are connected to same quantum gravity
phenomenology. In fact, for a particular choice of rainbow functions, gravity’s rainbow seem’s to
agree with Horˇava-Lifshitz gravity. As what has been shown in [26]. The Lifshitz deformation of
geometries has produced interesting results, and rainbow deformation has the same motivation,
in this paper we will study the rainbow deformation of BTZ black holes.
In gravity’s rainbow, the geometry depends on the energy of the probe, and thus probes of
of different energy see the geometry differently. Thus, a single metric is replaced by a family
of energy dependent metrics forming a rainbow of metrics. Now the UV modification of the
energy-momentum dispersion relation can be expressed as
E2f2(E/EP )− p2g2(E/EP ) = m2 (1)
where EP is the Planck energy, E is the energy at which the geometry is probed, and f(E/EP )
and g(E/EP ) are the rainbow functions. As the general relativity should be recovered in the IR
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limit, we have
lim
E/EP→0
f(E/EP ) = 1, lim
E/EP→0
g(E/EP ) = 1. (2)
Now the metric in gravity’s rainbow [42]
h(E) = ηabea(E)⊗ eb(E). (3)
So, the energy dependent frame fields are
e0(E) =
1
f(E/EP )
e˜0, ei(E) =
1
g(E/EP )
e˜i. (4)
Here e˜0 and e˜i are the original energy independent frame fields.
The rainbow deformation of geometry motivated from string theory, such as black rings [2],
and black branes [12] has been studied. The rainbow deformation of higher dimensional black
holes has important consequences for the detection of black holes at the LHC [3]. The rainbow
deformation of modified theories of gravity, and of gravity coupled to non-linear sources has been
studied [30, 34, 33, 34, 34, 46, 32, 24]. The gravity’s rainbow has also been used to address the
information paradox in black holes [5, ?, 6]. It may be noted that general properties of energy
dependent metric for a BTZ black hole, and its coupling to non-linear sources has been discussed
using gravity rainbow [31]. In this paper, we analyse the thermodynamic aspects of such a
deformation explicitly. We are able to show that even though many thermodynamic quantities
of a BTZ black hole are deformed by gravity’s rainbow, the Gibbs free energy is not deformed.
Thus, the critical phenomena based on Gibbs free energy is not deformed by gravity’s rainbow.
2 BTZ Black holes
In 2+1 dimensions, Einstein field equations with negative cosmological constant (AdS spacetime)
admit - in addition to the vacuum solution- a two-parameter family of black hole solutions found
by Banados, Teitelboim and Zanelli [14], given by the metric, without charge,1
ds2 = −N2dt2 +N−2dr2 + r2 (dφ+Nφdt)2 . (5)
Where the functions N2 =
(r2−r2+)(r2−r2−)
b2r2 and (N
φ)2 = r+r−br2 . With b is the radius of AdS and
r± is obtained when the lapse function N vanishes (indicating the outer and inner horizons,
respectively),
r± =
[
b2
M
2
(
1±
√
1− J
2
b2M2
)]1/2
, (6)
with M and J being the mass and angular momentum of the BTZ black hole respectively. They
can be therefore defined in terms of b, r± accordingly:
M =
r2+r
2
−
b2
, J =
2r+r−
b
. (7)
In order to study the thermodynamics of BTZ black hole we first write the first law of black hole
mechanics [47]
dM = TdS + JdΩ. (8)
1Planckian units is used throughout the manuscript kb = c = G = ~ = 1
2
The angular speed Ω is calculated from gtt/gφφ
Ω =
J
b2M
. (9)
The temperature T0 is calculating for the surface curvature, with the killing vector K = ∂t+Ω∂φ,
[16, 20]
T0 =
r2+ − r2−
2pir+
. (10)
The expression (10) indicates an extremal limit whenM < J
¯
. We observe that the temperature of
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Figure 1: The temperature of different non-extremal BTZ black holes as a function of J
2
M2 . For
different values of b. Blue: b = 0.25,yellow: b = 0.5, green: b = 0.75 and red: b = 1
BTZ black holes show a similar thermodynamic behaviour to their higher dimensional analogues
figure 1. Now we use (8) and (7) to calculate the entropy
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Figure 2: The Entropy of non-extremal BTZ black holes as a function of J
2
b2M2 . Showing typical
thermodynamic behaviour of Kerr-AdS black hole entropy
S0 = 4pir+, (11)
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Figure 3: Figures show plots ofCJ and CΩ for different BTZ black holes, as a function of J
2/(M2).
For different values of b. Blue: b = 0.25,yellow: b = 0.5, green: b = 0.75 and red: b = 1
which is, as expected, the forth of the horizon area ‘circumference’. Complying with the Beken-
stein formula. We can also calculate the constant J heat capacity CJ :
CJ = T
(
∂S
∂T
)
J
=
4pir+
2−
√
1− ( JbM )2
1 +
√
1− ( JbM )2 ( JbM )2
2
1/2 (12)
Similarly, the heat capacity at constant angular velocity CΩ is calculated,
CΩ = 4pib
M
2
1 +
√
1−
(
J
bM
)21/2 . (13)
We wish also to investigate the thermodynamic pressure - volume relation for BTZ black holes
and the associated critical phenomena. We define the ‘ volume’ of BTZ black hole by the relation
[8], which is approximately the thermodynamic volume for slow rotating black holes J  1.
V0 = Ar+ = 16pir
2
+ (14)
Now, we consider the thermodynamic pressure of BTZ black hole from the Van der Wall’s fluid
equation of state in the extended phase space [39].
P0 :=
T
v
+O(J2), (15)
4
with :
v = 2
(
V
pi
)1/2
. (16)
We observe from the PV diagram that BTZ black holes admit the same critical phenomena as
the higher dimensional Kerr-AdS black holes for some critical temperature Tc [22]. BTZ black
Figure 4: PV- diagram for different BTZ black holes, two showing a critical point ∂P/∂V = 0 .
For different values of b. Blue: b = 0.25, yellow: b = 0.5, green: b = 0.75 and red: b = 1
holes show an interesting thermodynamic properties. In the next section, they shall be studied
after gravity rainbow deformation on the BTZ metric.
3 BTZ black holes in gravity’s rainbow
In this section, we will deform the thermodynamics of a BTZ black hole by the gravity’s rainbow.
Now here E is the energy of a quantum particle near the event horizon of the BTZ black hole.
This particle is emitted from the black hole due to the Hawking radiation, the energy of the
particle is associated with the black hole temperature T [1]. In fact, in the geometric units
used in the paper kB = 1, the black hole temperature is the same as the energy of the radiated
particle, i.e TBH = E. We can use the uncertainty principle, and write ∆p ≥ 1/∆x. Thus, we
can obtain a bound on energy of a black hole, E ≥ 1/∆x [4]. This can be done for any black
hole, including a BTZ black hole. It may be noted that the usual uncertainty principle is valid
in gravity’s rainbow [1]. So, the uncertainty in position of the particle near the horizon of the
BTZ black hole is equal to the of the event horizon,
E ≥ 1/∆x ≈ 1/r+. (17)
It is important to noted from this that the energy used to deform the thermodynamics is a
dynamical function of the radial coordinate [26] The general relation for temperature of a black
hole in gravity rainbow was found to be [4] :
T = T0
g(E)
f(E)
(18)
5
Where f(E) and g(E) are the rainbow function defined in (2). This conjecture is explained and
proved in the following references [6, 4, 11, 1] and many others. We may also show that the
formula (18) applies for BTZ black holes in gravity rainbow as well.
First, consider the modification of the metric (5) by the gravity rainbow functions [31, 40, 6]:
ds2 = − N
2
f2(E)
dt2 + g−2(E)N−2dr2 + g−2(E)r2
(
dφ+Nφdt
)2
. (19)
An the modified temperature is given by the generic formula [51]:
T =
1
4pi
√
∂r(A(r, 0))B(r, 0) (20)
Where A(r) = N
2
f2(E) and B(r) = g
−2(E)N−2. Therefore, we arrive at the formula for tempera-
ture in gravity rainbow (18).
The are many ways in witch we can define the rainbow functions f(E), g(E). Motivated by many
theoretical [25, 13, 43]. And experimental [10] approaches. The choice of these functions in this
paper is the one motivated by loop quantum gravity and non-commutative geometry [9, 37].
f(E) := 1 g(E) :=
√
1− η(E/Ep)ν , (21)
for η and ν being free parameters. Now, we use (18)(10), and (21) to obtain the modified BTZ
temperature :
T =
r2+ − r2−
2pir+
√
1− η(1/r+Ep)ν (22)
In order to calculate the modified entropy, we use the first law dM = TdS. With (7), and (11)
Figure 5: A plot of modified BTZ temperature as a function of J2/M2. For Ep = 5, ν = 1 and
η = 1 for different values of b.Blue: b = 0.25, yellow: b = 0.5, green: b = 0.75 and red: b = 1.
Showing the existence of a remnant point (vanishing temperature)
we get :
S =
pi
2
r+
g(E)
=
pir+
2
√
1− η(1/r+Ep)ν
(23)
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It is interesting to look at the graphs between S0 and r+, and between S and r+6 . Observing
that the entropy of rainbow gravity modified BTZ black holes will diminish at some point with
r+ 6= 0 , indicating the existence of remnant. This effect is observed in higher dimensional
Kerr-AdS black holes in rainbow gravity [4]. Since the entropy of a black hole is related to its
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Figure 6: A plot of BTZ entropy S0 in blue. And the deformed entropy S in yellow (For Ep = 5,
η = 1 and ν = 1), both as a function of r+. The latter indicates the existence of remnant of
radius 15 Planck units.
area ( circumference in 2+1 dimensions). Moreover, the 2+1 dimensional gravity is a topological
theory, one might relate the remnant of rainbow BTZ black hole as a topological defect associated
with the minimal length of the 2+1 gravity theory [50, 18]. The radius of this topological defect
is given by:
rmin =
η1/ν
Ep
∼ `p (24)
Which could be the minimal length of the 2+1 gravity rainbow. Now we calculate the mod-
ified heat capacities , observe that
(
∂S
∂T
)
J
and
(
∂S
∂T
)
Ω
, do not change by the gravity rainbow
modifications. Hence the heat capacities are easily computed
CJ =
√
1− η(1/r+Ep)ν
 4pir+
2−
√
1− ( JbM )2
 1 +
√
1− ( JbM )2 ( JbM )2
2
1/2 (25)
CΩ =4pib
√
1− η(1/r+Ep)ν
M
2
1 +
√
1−
(
J
bM
)21/2 . (26)
The volume of the modified BTZ is given from (14):
V =
2pir2+√
1− η(1/r+Ep)ν
(27)
Moreover, the modified pressure is written as:
P =
1
2
(1− η(1/r+Ep)ν)1/4 P0 (28)
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The P-V criticality of rainbow BTZ is not different from the ordinary BTZ black hole. This also
can be seen from calculating the Gibbs free energy of ordinary and rainbow BTZ black hole, The
Gibbs free energy, G given by the thermodynamic relation:
G(T ) = M + PV − TS. (29)
For an ordinary BTZ black holes it can be calculated using (7)(11) and (9).
G0(T,Ω) =M − TS − ΩJ = − pi
2b2
6
√
1− ( JbM )2 (30)
×
T 2 +
√
2pi
b
(1−
(
J
bM
)2
)T +
1
4pi2b2
[
2 +
(
J
bM
)2]( 1
bΩ
)
We may conclude that G > 0 for critical BTZ black holes and G < 0 for non critical ones
Figure 7: A plot of G(T,Ω) of a BTZ black hole T > Tc with b = 0.5. Showing the critical
phenomena.
The Gibbs free energy for a rainbow BTZ is calculating using the same relation but, substituting
T0 and S0 with T in (18) and S in (23). Since the rainbow function g(E) appear in T and its
reciprocal appears in S. G for the rainbow BTZ black hole is the same as G0. Indicating the
same critical phenomena.
4 Conclusion
In this paper, we have deformed the geometry of a BTZ black hole by rainbow functions. Thus,
the thermodynamics of the BTZ black was also deformed by these rainbow functions. The
rainbow functions that were used for this deformation have been motivated from results in loop
quantum gravity and Noncommutative geometry. It was observed that the thermodynamics of
the BTZ black hole got deformed due to these rainbow functions. The graphs of the deformed
8
entropy S and temperature T indicate the existence of a remnant at the last stage of evaporation,
similar to the higher dimensional deformed black holes. However, the Gibbs free energy did not
get deformed, and so the critical behaviour from Gibbs did not change by this deformation.
Thus, the critical behaviour of BTZ black holes in gravity’s rainbow was the same the critical
behaviour of BTZ black hole in ordinary gravity. This is apparent because the temperature is
deformed in an opposite way to the entropy, causing both deformations to cancel out in the
Gibb’s free energy.
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